We investigate the asymptotic behaviour, as ε → 0, of a class of monotone nonlinear Neumann problems, with growth p − 1 (p ∈]1, +∞[), on a bounded multidomain Ωε ⊂ R N (N ≥ 2). The multidomain Ωε is composed of two domains. The first one is a plate which becomes asymptotically flat, with thickness hε in the xN direction, as ε → 0. The second one is a "forest" of cylinders distributed with ε-periodicity in the first N − 1 directions on the upper side of the plate. Each cylinder has a small cross section of size ε and fixed height (for the case N = 3, see the figure). We identify the limit problem, under the assumption: limε→0 ε p hε = 0. After rescaling the equation, with respect to hε, on the plate, we prove that, in the limit domain corresponding to the "forest" of cylinders, the limit problem identifies with a diffusion operator with respect to xN , coupled with an algebraic system. Moreover, the limit solution is independent of xN in the rescaled plate and meets a Dirichlet transmission condition between the limit domain of the "forest" of cylinders and the upper boundary of the plate.
Motivation and main result
satisfying the usual growth conditions:
It is well known (see [18] ) that problem (1.3) admits a unique weak solution U ε ∈ W 1,p (Ω ε ). To study the asymptotic behaviour of {U ε } ε , as ε → 0, we introduce the classical transformation mapping Ω − ε onto the fixed domain
(compare, for instance [9, 14, 16] and [17] ) and we set, for every ε,
Obviously, u ε is the unique solution of the following problem:
where
) and
Then, we study the asymptotic behaviour, as ε → 0, of problem (1.7), under the following supplementary assumptions:
In terms of the sequence {F ε } ε , (1.10) means that
To describe the limit problem, we introduce the space
and we recall that functions of V p (Ω + ) admit a trace on Σ: 
as ε → 0, and
is a weak solution of the following problem: 
Furthermore, the energies converge in the sense that:
If a is strictly monotone, problem (1.16) admits a unique solution
and, consequently, convergence (1.15) holds true for the whole sequence {u ε } ε .
We point out that the limit problem, in the limit domain corresponding to the "forest" of cylinders, identifies with a diffusion operator with respect to x N coupled with an algebraic system for the limit fluxes. In particular, 
is a weak solution of problem (1.16) . Moreover, the energies converge in the sense that:
Remark 1.3.
We point out that we need assumption (1.9) only to derive convergence (1.13), and consequently (1.18). The remaining part of Theorem 1.1 and of Corollary 1.2 holds true without assumption (1.9). In particular, the limit problem in Ω + can be obtained independently of the rate of convergence to zero of h ε with respect to ε. Assumption (1.9) is needed to describe the behaviour of the sequence {u ε } ε in Ω − .
Remark 1.4.
We point out that, under assumption (1.9), the results of Theorem 1.1 and Corollary 1.2 do not change if we replace assumption (1.10) by the weaker one
Also in the case where the rate of convergence of h ε is ε p , under assumption (1.19), we obtain in Ω + the same limit problem as in Theorem 1.1.
If h ε = 1, the asymptotic behaviour of problem (1.3) (or (1.7)) has been studied by Blanchard et al. in [5] . Let us also recall a few references in the case where h ε = 1. For the linear problem, see [6] for homogeneous Neumann boundary condition, [12] for a non-homogeneous Neumann boundary condition, [13] for a transmission boundary condition, [20] for a spectral problem, and [3] and [19] for the construction of boundary layer correctors. Moreover, see [11] in the case of functionals with convex energies and [4] in the case of functionals with non-convex energies. Furthermore, see [15] for the Ginzburg-Landau equation with homogeneous Neumann boundary condition.
The asymptotic behaviour of the solution of problem (1.7) in Ω + is performed, with similar techniques than in [5] , by making use of the method of oscillating test functions, introduced by Tartar in [22] , combined with monotonicity arguments and density results (this is the object of Sect. 4). The originality of our paper consists in the study of the asymptotic behaviour of the solution of problem (1.7) in Ω − and in the characterization of the limit in Ω − in terms of the limit in Ω + (see (1.13)). The first task is to obtain a priori L p (Ω − )-norm estimate for the solution u ε , independently of ε. These estimates are not obvious since directly from equation (1.7) it follows only that h , it follows that w is independent of the last variable x N . The second task is to identify w as the trace on Σ (the surface which separates Ω − and Ω + ) of the solution u of the limit problem in Ω + (see (1.13)). To this aim, we have to pass to the limit in the product of weak convergences: u ε = u ε χ Ω + ε ∩Σ on Σ. In Proposition 3.4 we are able to solve this problem by making use of the two-scale convergence method introduced by Nguetseng in [21] and developed by Allaire in [1] . In Section 2 some preliminary results are recalled.
If the Neumann boundary condition in problem (1.3) is replaced by the homogeneous Dirichlet condition U ε = 0 on ∂Ω ε , it becomes an easier task to prove that u ε 0 weakly in [3] and [6] ). As far as this Dirichlet problem is concerned, the lower order term |U ε | p−2 U ε may be removed in the whole analysis.
For the study of very rapidly oscillating boundaries we refer to [2, 4, 7] and [8] . For the junction of a plate with a beam we refer to [14, 16] and [17] .
Preliminary results
In this section, the main properties of the two-scale convergence method introduced by Nguetseng in [21] and developed by Allaire in 
Definition 2.1. Let A be an open subset of R
See [1] for the proof of the following result: 
Remark 2.3. Due to density properties, it is easily seen that if
, convergence (2.1) holds true also for any function ψ of the form ψ(x, y) = ϕ 1 (x)ϕ 2 (y), where
This section concludes with the following well-known Friedrichs inequality which will be an helpful tool to obtain a priori estimates for the solution of problem (1.7).
Proposition 2.4. Let A be an open bounded connected subset of R N with Lipschitz boundary and let Γ ⊂ ∂A be such that the (N − 1)-dimensional Hausdorff measure of Γ is positive. Then, there exists a constant c such that
A |v| p dx ≤ c Γ |v| p dσ + A |Dv| p dx ∀v ∈ W 1,p (A). (2.2)
A PRIORI norm-estimates and a convergence result
This section is devoted to prove convergences (1.12, 1.13) and (1.14). In Proposition 3.1, some a priori norm-estimates for u ε , coming directly from equation (1.7), are given. The first difficulty is to obtain a priori L p (Ω − )-norm estimate for the solution u ε , independently of ε. These estimates are obtained in Proposition 3.3 by making use of the Friedrichs inequality. The second difficulty is to identify the weak limit of {u ε } ε in L p (Ω − ) as the trace on Σ (the surface which separates Ω − and Ω + ) of the weak limit of { u ε } ε in V p (Ω + ). This result is proved in Proposition 3.4 by making use of the two-scale convergence method. 4-1.6) and (1.10) . Then, there exists a constant c such that
for every ε.
Proof. The a priori norm-estimates are obtained by choosing v = u ε as test function in (1.7) and by making use of (1.5, 1.6, 1.10) and the Young inequality.
Corollary 3.2. Let u ε be the unique solution of problem (1.7) under assumptions (1.4-1.6) and (1.10). Then, there exists a constant c such that
Proof. The estimate (3.6) follows from estimate (3.1), if one observes that there exists a constant c such that
, for every ε. (1.4-1.6, 1.9) and (1.10) . Then, there exists a constant c such that
Proof. For the sake of clarity, first we prove (3.7) by assuming
for every ε, where J ε is defined in (1.1). Then, we sketch the proof of (3.7) for the general case. By making use of the change of variable x = εy + εk with
Then, the Friedrichs inequality (2.2) yields
for every ε, where the constant c, given in (2.2), is independent of ε and u ε (·, 0) denotes the trace of u ε on Ω + ε ∩ Σ. Consequently, by making use of estimates (3.4) and (3.6), it follows that
for every ε, where c is a constant independent of ε. Finally, estimate (3.7) is obtained using assumption (1.9). Now, let us consider the general case. Let [6] and [10] ) Remark 3.5. In the spirit of Remark 1.3, let us point out that convergences (1.12) and (1.14) hold true without assumption (1.9).
Proof of Proposition 3.4. Convergence (1.14) follows from (3.4) . By virtue of (3.1), there exist a subsequence of {ε}, still denoted by {ε}, and u ∈ V p (Ω + ) such that (1.12) holds true (see [5, 6] and [11] ). Moreover, under assumption (1.9), estimate (3.7) holds true. Consequently, in view of (1.14), there exist a subsequence of the previous one, still denoted by {ε}, and
In order to prove (1.13), we show that, up to a subsequence, Finally, since g is independent of y, (3.14) follows by comparing (3.13) with (3.16) and by making use of Proposition 2.2-ii. Let us point out that the two-scale convergence allows us to pass to the limit in the product of weak convergences. In fact, by setting ψ ε (x) = χ Ω Moreover, equation (1.14) provides that
Then, by making use of (3.17) and (3.18) , and by recalling that w is independent of x N , it results that 
